
the complexity bound stated Lemma 4.4.
(1) Correctness. Let S+ be the match returned by Match+,
and Sr be the match returned by Match on G ⊕ δ. As S ⊆
S+, we show that AFF2 = Sr \ S by showing that AFF2 ⊆
Sr \ S and Sr \ S ⊆ AFF2.

The computation of AFF2 is based on the following. As
P is a dag, a new match (u′, v′) ∈ AFF2 can only be pro-
duced by either (1) s ∈ can(u′), t ∈ mat(u) for a pattern
edge (u′, u) before an edge insertion, and (s, t) ∈ AFF1 with
decreased distance making s match u′ (line 4 of Match+),
or (2) v′ matches u′ since all children of u′ �nd matches in
descendants of v′ produced in (1) or (2).
(2) Complexity. Match+ works in the following three phases.
(1) Match+ updates M and �nds AFF1 within time bounded
by O(|AFF1||AFF2|

2) (line 1), as remarked earlier. (2)
Match+ then identi�es all the matches directly a�ected by
AFF1 (lines 2-3), in time O(|AFF1| |AFF2|

2), as for each pair
(u′, v′), Match+ checks the nodes in G within 2 hops from v′

to determine whether v′ can match u′. (3) It further takes
in total O(|AFF1| |AFF2|

2) time to determine whether a pair
(u′′, v′′) is a match due to newly added matches. Thus, the
total time of Match+ is bounded by O(|AFF1| |AFF2|

2).

Details for Implementation

Next, we �rst describe the details for generating graph pat-
terns. We then give some explanation about 2-hop labeling,
which was used in our experimental study to improve the
algorithm Match.
More about pattern generator. Recall that a pattern gen-
erator takes 4 parameters for generating a pattern P =
(Vp, Ep): the number of nodes |Vp|, the number of edges
|Ep|, an upper bound k for pattern edges, and a data graph
G. The generator was designed towards producing positive

patterns, i.e., the graph G matches the pattern P . The
generation process is as follows:

(1) For i ∈ [1, |Vp|], we iteratively generate pattern node vi

in iteration i. If i = 1, we randomly pick one graph node
x1 ∈ V , and generate v1 based on x1 such that x1 satisfies

v1. When i > 1, we select one pattern node vj where j < i

as a base node. Note that we record a graph node xj for
each pattern node vj . Based on xj , we traverse on graph G

within k′ hops to reach another graph node xi 6= xj . Here,
k − c ≤ k′ ≤ k + c where c is a small constant, in order to
assign various bounds on pattern edges. When xi is found, a
pattern node vi is generated upon xi, and a pattern edge will
be generated from vj to vi, with the bound k′. Alternatively,
the symbol ∗ could be assigned for edge (vj , vi), meaning
unbounded.

(2) In the process above, if each edge is bounded, we assure
that current pattern with |Vp| nodes and |Vp| − 1 edges is
a positive pattern, i.e., a pattern that will be matched by
G. Then, for i ∈ [1, |Ep| − |Vp| + 1], we randomly pick two
pattern nodes and generate an edge between them, until the
number of pattern edges reaches |Ep|. The edge bound is
assigned similarly to that in (1). Notably, in this process, we
do not guarantee the positiveness of the generated pattern.
2-hop labeling. In our experimental study we evaluated two
versions of Match. The �rst one built a distance matrix for
a data graph G, as described in Section 3. The matrix was
used to �nd the distance between any two graph nodes in
constant time. Alternatively, we generated 2-hop encodes

for graph G, used as a �lter for �nding distance between
two graph nodes x, y. It works as follows, if via the labels
L(x) of x and L(y) of y, we know that node x can reach y,
a breath �rst search will be invoked to compute the exact
distance from x to y.

The basic idea behind 2-hop labeling is as follows. Given
a graph G = (V, E), a 2-hop reachability labeling [10] over
G is a set of labels L(v) for each node v ∈ V , where
L(v) = (Lin(v), Lout(v)) with Lin(v), Lout(v) ⊆ V . To an-
swer whether a node u reaches a node v, it su�ces to check
Lout(u) and Lin(v). The node u reaches v i� the intersec-
tion of Lout(u) and Lin(v) is not empty. We leverage the
approach proposed in [8] for computing 2-hop encodes over
G.

Additional Experimental Results

Flexibility for various bounds. As a supplement for Exp-1 in
Section 5, we study the impact of varying bounds k on the
graph pattern matching problem.

Fixing two parameters, the number of pattern nodes |Vp|
and the number of pattern edges |Ep|, we varied k from 4 to
20. The results are reported in Fig. 9. This �gure visualizes
the average number of pattern nodes that found a match in
G. The number is enclosed in a circle ◦, and the circles are
scaled proportionally to the number. Consider P (12, 11, k).
There are no matches when k < 9; there are 38 matches
when k = 9, and 110 when k = 12. When k > 13, however,
the number of matches is not increased and is hence omitted
from Fig. 9. This tells us that increasing bound k induces
more matches, up to a point when no new matches can be
added by increasing k.
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Figure 9: Effectiveness for various bounds

Statistics on |AFF| and |Gr|. As a supplement for Exp-2 and
Exp-3 in Section 5, we give some statistic results as follows.
(1) We evaluated |Gr|, the average size of result graphs gen-
erated in Exp-2. Each generated result graph has around 70
data nodes and 174 edges, for patterns of size (4, 4, 3) over
the Youtube network. This number varies w.r.t. the pattern
size, the number of predicates and the edge bound.
(2) We evaluated the average size of pairs in |AFF1|, which
can possibly a�ect the matches, denoted as |AFFr|, and
|AFF2|. In the result shown in Figure 6(k), in all cases
|AFF1| is much larger than |AFF2|. In this test, |AFF2| is
around 500 in total, which is much larger than |AFFr| that
is less than 10. This shows that (a) although |AFF1| may
be large in practice, only around less than 1% of AFF1 will
a�ect the match result, and (b) |AFF2| is much less than
|AFF1| in practice, which indicates that bounded simulation
is relatively not sensitive to the data graph updates, even
when there are a large number of pairwise distance changes.
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