


was able to run only oni t eseer data (130406 ms for construc-  sparse, the vast majority of these pairs are not reachable. As an al-
tion, 47.4 ms for querying, and the index size was 2360732 entries). ternative, we generated 100K reachable pairs by simulating a ran-
On these large datasets, none of the other indexing methods coulddom walk (start from a randomly selected source node, choose a
run. GRAIL on the other hand can easily scale to large datasets,random child with 99% probability and proceed, or stop and re-
the only limitation being that it does not yet process disk-resident port the node as target with 1% probability). Tables 16 and 17
graphs. We can see that GRAIL outperforms pure DFS by 2-27 show the query time performance of GRAIL and pure DFS for the
times on the denser graphgo- uni prot, ci t - patent s, and 100K random and 100K only positive queries, on some small and
ci t eseer x. On the other datasets, that are very sparse, pure DFSlarge graphs. We usefl = 2 for hurman, d = 4 for ar xi v and
can in fact be up to 3 times faster. d = 5 for the large graphs. The frequency distribution of number
We also tested the scalability for GRAIL (wih = 5) on the of hops between source and target nodes for the queries is plotted in
large synthetic graphs. Table 14 shows the construction time, queryFigure 4. Generally speaking, querying only reachable pairs takes
time and index sizes for GRAIL and DFS. Once again, none of the longer (from 2-30 times) for both GRAIL and DFS. Note also that
other indexing methods could handle these large graphs. PathTreeGRAIL is 2-4 times faster than DFS on positive queries, and up to
too aborted on all datasets, except f@and10n2x with avg. de- 30 times faster on the random ones.
gree 2 (it took 537019 ms for construction, 211.7 ms for query-

ing, and its index size was 69378979 entries). We can see that for__Dataset S— GRAIL S—
these datasets GRAIL is uniformly better than DFS in all cases. Its Ag o [ Avg/o | Avg o [ Avg/o
query time is 3-15 times faster than DFS. In facr@nd10mL0x human 80.4 235 0.292 1058.7 146.4 | 0.138
dataset with average density 10, DFS could not finish in the allo- | arxiv 420.6 112 0.027 334.2 4.19 0.013
cated 20M ms time limit. Once again, we conclude that GRAIL | cit-patents || 15800 | 1214 | 0.077 | 32664 | 1782 | 0.055
is th t scalabl hability | gd or | h il |_Cleseerx [ 7102755]73257.2 | 0.317 | 3103932| 14809 | 0.048
IS the most scalable reachability Index Tor large graphs, especially —;nq1omsx || 5824.0 | 363.6 | 0.062 | 19286.8 | 1009.8 | 0.052
with increasing density.
Table 16: Average Query Timesand Standard Deviation
Dataset|| Constr. Time (ms)|| Query Time (ms) || Index Size (# Entries)
withE | woFE || withE | woFE Label | Exceptions Dataset DFS _
amaze || 1930.2 | 3.8 4547 | 7581 || 22260 | 19701 Random Positive
human || 24235.5| 1345 || 596.4 | 81.1 310488 | 11486 Avg i o /Avg Avg o o /Avg
kegg || 23203 | 6.4 4043 | 1055.1 || 28936 | 18385 human 36.4 104 10286 | 9196 | 895 | 0.097
arxiv || 64913.2| 53.7 || 5324 | 424.99 || 60000 | 3754315 aniy 121796 | 1791 | 0014 [ 13742 | 304 | 0.022
- Cit-patents || 435359 | 1081.3 | 0.008 | 6827.8 | 3724 | 0.055
Table 15: GRAIL: Effect of Exceptions Citeseerx || 198422.9| 10064.3| 0.051 | 650232.0| 7411.4 | 0.011
rand10mbx || 90505.9 | 3303.2 | 0.036 | 49989.3 | 1726.9 | 0.035
4.4 GRAIL: Sensitivity Table 17: Average Query Timesand Standard Deviation

Exception Lists: Table 15 shows the effect of using exception lists o
in GRAIL: “with E” denotes the use of exception lists, where as Effect of Query Distribution: Tables 16 and 17 show the aver-
“w/o E" denotes the default DFS search with pruning. We used 2ge query times and the standard deviation for GRAIL and DFS,
d = 3 for amaze, d = 4 for human andkegg (which are the respectively. Ten sets, eaclj of 10K queries, are used to obtain
Sparse datasets)’ ad= 5 for ar xi v. We can see that using the mean and Standard deVlat|0n Of the query time. In random
exceptions does help in some cases, but the added overhead of induery sets when using GRAIL the coefficient of variation (CV —
creased construction time, and the large size overhead of storingthe ratio of the standard deviation to the mean) is betvig@rand
exception lists (last column), do not justify the small gains. Further- 1/40, whereas it varies fronh/3 to 1/70 when using DFS. As ex-
more, exceptions could not be constructed on the large real graphspected, DFS has more uniform query times compared to GRAIL
. . because GRAIL can cut some queries short via pruning while in
Numbe_r of Trqversa]s/l r_lterva!s (d).' In Flgur_e 3 We_plot.the Ef'. other queries GRAIL imitates DFS. However for query sets with all
fect of increasing the dimensionality of the index, i.e., increasing reachable (positive) node-pairs, CV decreases for GRAIL since the
th? number of traversals, on one sparse (ecoo), one large real likelihood of pruning and early termination of the query decreases.
(ci t - pat ent s), and one large synthetic (r and10mL0x) graph.

e . ; On the other hand, there is no such correlation for DFS.
Construction time is shown on the leftaxis, and query time on
the right y-axis. It is clear that increasing the number of inter-

vals increases construction time, but yields decreasing query times.
However, as shown fa&c o0, increasingl does not continue to de-
crease query times, since at some point the overhead of checking a

human —+—
arxiv. -—--x---
cit-Patents ---x---
citeseerx -8
rand10m5x —-—a-—

larger number of intervals negates the potential reduction in excep-
tions. That is why the query time increases frdm= 4tod = 5

for ecoo. To estimate the number of traversals that minimize the
query time, or that optimize the index size/query time trade-off is
not straightforward. However, for any practical benefits it is imper-
ative to keep the index size smaller than the graph size. This loose
constraint restrictd to be less than the average degree. In our ex-
periments, we found out that the best query time is obtained when
d = 5 or smaller (when the average degree is smaller). Other mea-  Figure4: Reachability: Distribution of Number of Hops

sures based on the reduction in th(_a number of (direct) exceptions g¢sact of Density: We studied the effect of increasing edge density
per new traversal could also be designed. of the graphs by generating random DAGs with 10 million nodes,
Effect of Reachability: For all of the experiments above, we is- and varying the average density from 2 to 10, as shown in Figure 5.
sue 100K random query pairs. However, since the graphs are veryAs we can see, both the construction and query time increase with
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Figure5: Increasing Graph Density: (a) GRAIL, (b) DFS

increasing density. However, note that typically GRAIL (with= Journal of Computing, 32(5):1335-1355, 2003.
5) is an order of magnitude faster than pure DFS in query time. [8] T. H. Cormen, C. E. Leiserson, R. L. Rivest, and C. Stein.
Also GRAIL can handle dense graphs, where other methods fail; in Introduction to AlgorithmsMIT Press, 2001.

fact, one can increase the dimensionality to handle denser graphs. [9] C. Demetrescu and G. Italiano. Fully Dynamic Transitive
Closure: Breaking through th@(n?) Barrier. INFOCS,

5. CONCLUSION 2000.

We proposed GRAIL, a very simple indexing scheme, for fast [10] C. Demetrescu and G. Italiano. Dynamic shortest paths and
and scalable reachability testing in very large graphs, based onran-  transitive closure: Algorithmic techniques and data
domized multiple interval labeling. GRAIL has linear construction structuresJournal of Discrete Algorithms}(3):353-383,
time and index size, and its query time ranges from constant to 2006.

linear time per query. Based on an extensive set of experiments,[11] P. F. Dietz. Maintaining order in a linked list. BTOC, 1982.
we conclude that for the class of smaller graphs (both dense and[12] H. He, H. Wang, J. Yang, and P. S. Yu. Compact reachability

sparse), while more sophisticated methods give a better query time labeling for graph-structured data. GiKM, 2005.

performance, a simple DFS search is often good enough, with the[13] H. V. Jagadish. A compression technique to materialize

added advantage of having no construction time or index size over- transitive closureACM Trans. Database Syst.,

head. On the other hand, GRAIL outperforms all existing methods, 15(4):558-598, 1990.

as well as pure DFS search, on large real graphs; in fact, for these[14] R. Jin, V. Xiang, N. Ruan, and D. Fuhry. 3-hop: a

large graphs existing indexing methods are simply not able to scale. high-compression indexing scheme for reachability query. In
In GRAIL, we have mainly exploited a randomized traversal SIGMOD, 2000.

strategy to obtain the interval labelings. We plan to explore other la- [15] R. Jin, Y. Xiang, N. Ruan, and H. Wang. Efficient answering

beling strategies in the future. In general, the problem of finding the reachability queries on very large directed graphs. In

next traversal that eliminates the maximum number of exceptions SIGMOD, 2008.

is open. The question whether there exists an interval labeling with [16] V. King and G. Sagert. A fully dynamic algorithm for
d dimensions that has no exceptions, is likely to be NP-complete. maintaining the transitive closuré. Comput. Syst. Sci.,
Thus it is also of interest to obtain a bound on the number of di- 65(1):150-167, 2002.

mensions required to fully index a graph without exceptions. In the

future, we also plan to generalize GRAIL to dynamic graphs. [17] I. Krommidas and C. Zaroliagis. An experimental study of

algorithms for fully dynamic transitive closurdournal of
Experimental Algorithmicsl2:16, 2008.
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APPENDI X Indirect Exceptions: Given that we have the list of direct excep-
tions EZ for each node, the construction of the indirect exceptions

A. EXCEPTIONLISTS (EZ) proceeds in a bottom up manner from the leaves to the roots.
If one desires to maintain exception lists for each node, a basic LetE.; = Efj UE';'J, denote the list of direct or indirect exceptions

property one can exploit is thatif € E, then for each parent for a child nodec;. To computeE?, for each exceptior € E.,

of v, it must be the case thatcannot reaclp. This is easy to see, e check if there exists another chitg such thatl., C L., and

since if for any parenp, if u — p, then by definitioru — v, and e ¢ E,, . Ifthe two conditions are metcannot be an exception for

thenv cannot be an exception far. Thus, the exception listfora ;. ‘sincer. L., implies thate is potentially a descendant of,
_nodeu can be constructed recurswely_from the exception lists of ange ¢ E., confirms that it is not an exception. On the other hand,
its parents. Nevertheless, the complexity of this step is the same asf the test fails, there must be an indirect exception fet and we

that of computing the transitive closure, namelgnim), which is add it to .. For example, consider nodén Figure 2(b). Assume
impractical. _ o we have already computed the exception lists for each of its chil-
In GRAIL, we categorize exceptions into two classed. Jfcon- dren,Es = ES U E} = 0, andEs = E¢ U B = {1,3,4,7,8}.

tainsv *, but none of the children af containsL,, then call the We find that for each inEs, nodesl, and4 fail the test with re-
exception between andv adirect exception. On the other hand, if  spect toFs, sinceL, ¢ Ls, andLs  Ls, thereforeEs = {1,4},
at least one child of, containsv as an exception, then we call the s jllustrated in Table 2.

exception between andv as anindirect exception. For example, Multiple Intervals To find the exceptions whe > 1, GRAIL

in Figure 2(b)3 is a direct exception fot, but 1 is an indirect ex- first tes the direct and indirect tions from the first t ;
ception for2, since there are children af(e.g.,5) for whom1 is rstcomputes e direct and Incirect exceplions from theirst raver
still an exception. Table 2 shows the list of direct (dend¥d and sal, as d'escnbed above. For computing the remaining exceptions
indirect (denotedz") exceptions for the DAG. after the:-th travers_al, GRAIL processes tdhe nodes in a bottom up
order. For every direct exception ine EZ, removee from the
direct exception list ife is not an exception fox for the i-th di-
mension, and further, decrement the counterefam the indirect
exceptions IistE; for each parenp of . Also, if after decrement-
ing, the counter for any indirect exceptienbecomes zero, then
c1 | — c3 — move e to the direct exception IisE,‘,f of the parentp, provided
L. C L,. Inthis way all exceptions can be found out for theh

—c2 — —c4—

I | | | | | | .:C | | | | | | I . .
| L —— el dimension or traversal.
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
P — —e2— e
—é1—

Figure 6: Direct Exceptions. ¢; denote children and e; denote
exceptions, for node .

Direct Exceptions: Let us assume that = 1, that is, each node
has only one interval. Given the interval labeling, GRAIL con-
structs the exception lists for all nodes in the graph, as follows.
First alln node intervals are indexed in @mterval tree[8], which
takesO(n log n) time andO(n) space. Querying the interval tree
for intervals intersecting a given range of interest can be done in
O(logn) time. To find the direct exceptions of node we first

find the maximal ranges among all of its children. Next ¢fag
intervals between the maximal ranges are queried to find excep-
tions. Consider the example in Figure 6, where we want to de-
termine the exceptions for node c¢; denote the children’s inter-
vals, whereag; denote the exceptions to be found. We can see
that L, = [1,15], and the maximal intervals among all its chil-
dren areL., = [1,6], L., = [8,11], andL., = [10,14]. Itis
clear that if an exception is contained completely within any one
of the maximal intervals, it cannot be a direct exception. Thus to
find the direct exceptions far, i.e., to find EZ, we have to query
the gaps between the maximal ranges to find the intersecting inter-
vals. In our example, the gaps are given by the following intervals:
[6,8], [11, 11 + 4], and[13, 13 + 6], whered > 0 is chosen so that
L?i +6 < Lij for any pair of maximal ranges. In our example,
a value ofé = 1 suffices, thus we query the interval tree to find
all intervals that intersedt, 8], or [11, 12], or [13, 14], which will
yI6|d Eg = {61, €2, €3, 64}.

In this section the phrases tontainsy”, “L ,, contains”, and “u
containsL,” are used interchangeably. All are equivalent to saying
that L., containsL,,.
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