


was able to run only onciteseer data (130406 ms for construc-
tion, 47.4 ms for querying, and the index size was 2360732 entries).
On these large datasets, none of the other indexing methods could
run. GRAIL on the other hand can easily scale to large datasets,
the only limitation being that it does not yet process disk-resident
graphs. We can see that GRAIL outperforms pure DFS by 2-27
times on the denser graphs:go-uniprot, cit-patents, and
citeseerx. On the other datasets, that are very sparse, pure DFS
can in fact be up to 3 times faster.

We also tested the scalability for GRAIL (withd = 5) on the
large synthetic graphs. Table 14 shows the construction time, query
time and index sizes for GRAIL and DFS. Once again, none of the
other indexing methods could handle these large graphs. PathTree
too aborted on all datasets, except forrand10m2x with avg. de-
gree 2 (it took 537019 ms for construction, 211.7 ms for query-
ing, and its index size was 69378979 entries). We can see that for
these datasets GRAIL is uniformly better than DFS in all cases. Its
query time is 3-15 times faster than DFS. In fact onrand10m10x
dataset with average density 10, DFS could not finish in the allo-
cated 20M ms time limit. Once again, we conclude that GRAIL
is the most scalable reachability index for large graphs, especially
with increasing density.

Dataset Constr. Time (ms) Query Time (ms) Index Size (# Entries)
with E w/o E with E w/o E Label Exceptions

amaze 1930.2 3.8 454.2 758.1 22260 19701
human 24235.5 134.5 596.4 81.1 310488 11486
kegg 2320.3 6.4 404.3 1055.1 28936 18385
arxiv 64913.2 53.7 532.4 424.99 60000 3754315

Table 15: GRAIL: Effect of Exceptions

4.4 GRAIL: Sensitivity
Exception Lists: Table 15 shows the effect of using exception lists
in GRAIL: “with E” denotes the use of exception lists, where as
“w/o E” denotes the default DFS search with pruning. We used
d = 3 for amaze, d = 4 for human andkegg (which are the
sparse datasets), andd = 5 for arxiv. We can see that using
exceptions does help in some cases, but the added overhead of in-
creased construction time, and the large size overhead of storing
exception lists (last column), do not justify the small gains. Further-
more, exceptions could not be constructed on the large real graphs.

Number of Traversals/Intervals (d): In Figure 3 we plot the ef-
fect of increasing the dimensionality of the index, i.e., increasing
the number of traversalsd, on one sparse (ecoo), one large real
(cit-patents), and one large synthetic (rand10m10x) graph.
Construction time is shown on the lefty-axis, and query time on
the right y-axis. It is clear that increasing the number of inter-
vals increases construction time, but yields decreasing query times.
However, as shown forecoo, increasingd does not continue to de-
crease query times, since at some point the overhead of checking a
larger number of intervals negates the potential reduction in excep-
tions. That is why the query time increases fromd = 4 to d = 5
for ecoo. To estimate the number of traversals that minimize the
query time, or that optimize the index size/query time trade-off is
not straightforward. However, for any practical benefits it is imper-
ative to keep the index size smaller than the graph size. This loose
constraint restrictsd to be less than the average degree. In our ex-
periments, we found out that the best query time is obtained when
d = 5 or smaller (when the average degree is smaller). Other mea-
sures based on the reduction in the number of (direct) exceptions
per new traversal could also be designed.

Effect of Reachability: For all of the experiments above, we is-
sue 100K random query pairs. However, since the graphs are very

sparse, the vast majority of these pairs are not reachable. As an al-
ternative, we generated 100K reachable pairs by simulating a ran-
dom walk (start from a randomly selected source node, choose a
random child with 99% probability and proceed, or stop and re-
port the node as target with 1% probability). Tables 16 and 17
show the query time performance of GRAIL and pure DFS for the
100K random and 100K only positive queries, on some small and
large graphs. We usedd = 2 for human, d = 4 for arxiv and
d = 5 for the large graphs. The frequency distribution of number
of hops between source and target nodes for the queries is plotted in
Figure 4. Generally speaking, querying only reachable pairs takes
longer (from 2-30 times) for both GRAIL and DFS. Note also that
GRAIL is 2-4 times faster than DFS on positive queries, and up to
30 times faster on the random ones.

Dataset GRAIL
Random Positive

Avg σ Avg/σ Avg σ Avg/σ
human 80.4 23.5 0.292 1058.7 146.4 0.138
arxiv 420.6 11.2 0.027 334.2 4.19 0.013
cit-patents 1580.0 121.4 0.077 3266.4 178.2 0.055
citeseerx 10275.5 3257.2 0.317 310393.2 14809 0.048
rand10m5x 5824.0 363.6 0.062 19286.8 1009.8 0.052

Table 16: Average Query Times and Standard Deviation

Dataset DFS
Random Positive

Avg σ σ/Avg Avg σ σ/Avg
human 36.4 10.4 0.286 919.6 89.5 0.097
arxiv 12179.6 179.1 0.014 1374.2 30.4 0.022
cit-patents 43535.9 1081.3 0.008 6827.8 372.4 0.055
citeseerx 198422.9 10064.3 0.051 650232.0 7411.4 0.011
rand10m5x 90505.9 3303.2 0.036 49989.3 1726.9 0.035

Table 17: Average Query Times and Standard Deviation

Effect of Query Distribution: Tables 16 and 17 show the aver-
age query times and the standard deviation for GRAIL and DFS,
respectively. Ten sets, each of 10K queries, are used to obtain
the mean and standard deviation of the query time. In random
query sets when using GRAIL the coefficient of variation (CV –
the ratio of the standard deviation to the mean) is between1/3 and
1/40, whereas it varies from1/3 to 1/70 when using DFS. As ex-
pected, DFS has more uniform query times compared to GRAIL
because GRAIL can cut some queries short via pruning while in
other queries GRAIL imitates DFS. However for query sets with all
reachable (positive) node-pairs, CV decreases for GRAIL since the
likelihood of pruning and early termination of the query decreases.
On the other hand, there is no such correlation for DFS.
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Effect of Density: We studied the effect of increasing edge density
of the graphs by generating random DAGs with 10 million nodes,
and varying the average density from 2 to 10, as shown in Figure 5.
As we can see, both the construction and query time increase with
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Figure 5: Increasing Graph Density: (a) GRAIL, (b) DFS

increasing density. However, note that typically GRAIL (withd =
5) is an order of magnitude faster than pure DFS in query time.
Also GRAIL can handle dense graphs, where other methods fail; in
fact, one can increase the dimensionality to handle denser graphs.

5. CONCLUSION
We proposed GRAIL, a very simple indexing scheme, for fast

and scalable reachability testing in very large graphs, based on ran-
domized multiple interval labeling. GRAIL has linear construction
time and index size, and its query time ranges from constant to
linear time per query. Based on an extensive set of experiments,
we conclude that for the class of smaller graphs (both dense and
sparse), while more sophisticated methods give a better query time
performance, a simple DFS search is often good enough, with the
added advantage of having no construction time or index size over-
head. On the other hand, GRAIL outperforms all existing methods,
as well as pure DFS search, on large real graphs; in fact, for these
large graphs existing indexing methods are simply not able to scale.

In GRAIL, we have mainly exploited a randomized traversal
strategy to obtain the interval labelings. We plan to explore other la-
beling strategies in the future. In general, the problem of finding the
next traversal that eliminates the maximum number of exceptions
is open. The question whether there exists an interval labeling with
d dimensions that has no exceptions, is likely to be NP-complete.
Thus it is also of interest to obtain a bound on the number of di-
mensions required to fully index a graph without exceptions. In the
future, we also plan to generalize GRAIL to dynamic graphs.
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APPENDIX

A. EXCEPTION LISTS
If one desires to maintain exception lists for each node, a basic

property one can exploit is that ifv ∈ Eu then for each parentp
of v, it must be the case thatu cannot reachp. This is easy to see,
since if for any parentp, if u → p, then by definitionu → v, and
thenv cannot be an exception foru. Thus, the exception list for a
nodeu can be constructed recursively from the exception lists of
its parents. Nevertheless, the complexity of this step is the same as
that of computing the transitive closure, namelyO(nm), which is
impractical.

In GRAIL, we categorize exceptions into two classes. IfLu con-
tainsv 1, but none of the children ofu containsLv, then call the
exception betweenu andv adirect exception. On the other hand, if
at least one child ofu containsv as an exception, then we call the
exception betweenu andv as anindirect exception. For example,
in Figure 2(b)3 is a direct exception for4, but1 is an indirect ex-
ception for2, since there are children of2 (e.g.,5) for whom1 is
still an exception. Table 2 shows the list of direct (denotedEd) and
indirect (denotedEi) exceptions for the DAG.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

x

c1

c2

c3

c4

e1 e2 e3
e4

Figure 6: Direct Exceptions: ci denote children and ei denote
exceptions, for node x.

Direct Exceptions: Let us assume thatd = 1, that is, each node
has only one interval. Given the interval labeling, GRAIL con-
structs the exception lists for all nodes in the graph, as follows.
First alln node intervals are indexed in aninterval tree[8], which
takesO(n log n) time andO(n) space. Querying the interval tree
for intervals intersecting a given range of interest can be done in
O(log n) time. To find the direct exceptions of nodex, we first
find the maximal ranges among all of its children. Next thegap
intervals between the maximal ranges are queried to find excep-
tions. Consider the example in Figure 6, where we want to de-
termine the exceptions for nodex. ci denote the children’s inter-
vals, whereasei denote the exceptions to be found. We can see
thatLx = [1, 15], and the maximal intervals among all its chil-
dren areLc1 = [1, 6], Lc3 = [8, 11], andLc4 = [10, 14]. It is
clear that if an exception is contained completely within any one
of the maximal intervals, it cannot be a direct exception. Thus to
find the direct exceptions forx, i.e., to findEd

x, we have to query
the gaps between the maximal ranges to find the intersecting inter-
vals. In our example, the gaps are given by the following intervals:
[6, 8], [11, 11 + δ], and[13, 13 + δ], whereδ > 0 is chosen so that
L2

ci
+ δ < L2

cj
for any pair of maximal ranges. In our example,

a value ofδ = 1 suffices, thus we query the interval tree to find
all intervals that intersect[6, 8], or [11, 12], or [13, 14], which will
yieldEd

x = {e1, e2, e3, e4}.
1In this section the phrases “ucontainsv”, “L u containsv”, and “u
containsLv” are used interchangeably. All are equivalent to saying
thatLu containsLv.

Indirect Exceptions: Given that we have the list of direct excep-
tionsEd

x for each node, the construction of the indirect exceptions
(Ei

x) proceeds in a bottom up manner from the leaves to the roots.
LetEcj = Ed

cj
∪Ei

cj
denote the list of direct or indirect exceptions

for a child nodecj . To computeEi
x, for each exceptione ∈ Ecj

we check if there exists another childck such thatLe ⊆ Lck and
e 6∈ Eck . If the two conditions are mete cannot be an exception for
x, sinceLe ⊆ Lck implies thate is potentially a descendant ofck,
ande 6∈ Eck confirms that it is not an exception. On the other hand,
if the test fails, thene must be an indirect exception forx, and we
add it toEi

x. For example, consider node2 in Figure 2(b). Assume
we have already computed the exception lists for each of its chil-
dren,E3 = Ed

3 ∪ Ei
3 = ∅, andE5 = Ed

5 ∪ Ei
5 = {1, 3, 4, 7, 8}.

We find that for eache inE5, nodes1, and4 fail the test with re-
spect toE3, sinceL1 6⊆ L3, andL4 6⊆ L3, thereforeEi

2 = {1, 4},
as illustrated in Table 2.

Multiple Intervals: To find the exceptions whend > 1, GRAIL
first computes the direct and indirect exceptions from the first traver-
sal, as described above. For computing the remaining exceptions
after thei-th traversal, GRAIL processes the nodes in a bottom up
order. For every direct exception ine ∈ Ed

x, removee from the
direct exception list ife is not an exception forx for the i-th di-
mension, and further, decrement the counter fore in the indirect
exceptions listEi

p for each parentp of x. Also, if after decrement-
ing, the counter for any indirect exceptione becomes zero, then
move e to the direct exception listEd

p of the parentp, provided
Le ⊆ Lp. In this way all exceptions can be found out for thei-th
dimension or traversal.
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