Proof. Let D be a database for R such that D satis es

r, otherwise the claim holds trivially. We need to show
that (i) chase(D, ) does not fail, and (ii) for every BCQ q
over R, chase(D, )FEqi chase(D, 1) q. To establish
the latter statement it su ces to show that chase(D, ) and
chase(D, ) are homomorphically equivalent, i.e., there ex-
ists a homomorphism from chase(D, ) to chase(D, ),
and vice-versa. The existence of a homomorphism from
chase(D, 1) to chase(D, ) is trivial. It remains to show
that chase(D, ) does not fail, and also that there exists a
homomorphism from chase(D, ) to chase(D, 7).

The proof is by induction on the number of applications
of the chase rule in the construction of chase(D, ), i.e., a
single application of a TGD, and then exhaustively applying
FDs. We need to prove that for each i > 0, chase?(D, )
does not fail, and there exists a homomorphism h; such that
hi(chase!!(D, )) C chase(D, 7). Base Step. Since D sat-
is es  we get that chase!” (D, ) does not fail. Moreover,
since D C chase(D, ) there exists trivially a homomor-
phism ho that maps chase!®(D, ) to chase(D, r); in fact,
ho is the identity homomorphism. Inductive Step. Suppose
that during the i-th application of the chase rule we apply
the TGD ¢ = ¢(X,Y) — 3FZr(X,Z). This implies that
there exists a homomorphism A that maps ¢(X,Y) to a set
of atoms of chasel""Y/(D, ), and the atom a = N'(r(X, Z))
is obtained, where A’ is an extension of A as in the TGD
chase rule. Before we proceed further, we establish the fol-
lowing auxiliary lemma.

Lemma C.2. There is no FD in g that is applicable to
chasel~(D, )uU{a}.

Proof. Consider an arbitrary FD ¢ € r of the form
r : A — B. Suppose that a = r(t). It su ces to show
that there is no tuple t' € r(chase (D, )) such that
t[A] # t'[A]. According to the De nition 4, we identity the
following four cases:

e U, = A. Suppose, in the sake of contradiction, that
t[A] = t'[A]. Since each existentially quanti ed vari-
able in o occurs just once, it follows that o is not appli-
cable with homomorphism A which is a contradiction
(recall that we consider the restricted chase). There-
fore, t[A] # t'[A].

U, C A. Clearly, A\ U, # ?. This implies that t[A]
contains nulls introduced during the i-th application of
the chase rule, and thus t[A] # t'[A].

U, N A # ? with U, \ A. Necessarily A\ U, # ?,
otherwise U, is a strict superset of A which is not
allowed by De nition 4. Hence, t[A] # t'[A].

U, NA = 7. Obviously, A\ U, # ?, and thus t[A] #
t'[A].

The claim follows. O

By Lemma C.2 we immediately get that chase!/(D, )=
chase™" (D, ) U {a}; thus, chase!’(D, ) does not fail.
There exists a homomorphism p = h;_; o A that maps
®(X,Y) to chase(D, 7). Since chase(D, ) satis es
it follows that there exists W’ O p that maps W' (r(X, Z)) to
a set of atoms of chase(D, 7). Denoting Z = Z4,...,Zm,
we de ne the substitution

h; =h;_1 U{N(Z:) — W (Z)}ieiem-
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Obviously h; is a well-de ned substitution. Observe that
hi(@ = hi\(r(X,2))) r(hi—1(A(X)), hi(\'(Z)))
r(u(X), W' (z)) = W(r(X,2)) € chase(D, 7). Therefore,
hi(chase(D, )) C chase(D, 1), as needed.

Eventually the desiredghomomorphism from chase(D, )
to chase(D, r)ish= ;‘)io h;. [}

D. WEAKLY>STICKY SETSOF TGDS

In this nal section we give the de nition of a class, called
weakly-sticky sets of TGDs, that generalizes both sticky sets
and weakly-acyclic sets of TGDs [21, 22], for which conjunc-
tive query answering is decidable.

We rst recall the notion of the dependency graph, as
de ned by Fagin et al. [22]. Given a set of TGDs over a
schema R, the dependency graph of is the directed graph
constructed as follows. There exists a node for each position
ri] in R, where r/n € R and i € {1,...,n}. For each
TGD o € , for each V{variable V in head(0), and for
each occurrence of V in body(c) at position r[i], apply the
following two steps:

1. For each occurrence of V in head(c) at position s[j],
add an arc from r[i] to s[j] (if it does not already exist).

2. For each 3{variable W, and for each occurrence of W
in head(o) at position t[k], add a special arc from r[i]
to t[K] (if it does not already exist).

The rank of a position r[i] is the maximum number of special
arcs over all ( nite or in nite) paths ending at r[i]. The set
of positions in R can be partitioned into two sets r(R, )
and (R, ), where p(R, ) (resp., (R, )) is the
set of positions with nite (resp., in nite) rank. Intuitively,

r(R, ) (resp., (R, )) is the set of position where a

nite (resp., in nite) number of nulls can appear. We are
now ready to de ne our extended version of sticky sets of
TGDs.

Definition D.1. Consider a set of TGDs over a schema
R. We say that is weakly-sticky i for each 0 € and
for each variable V that occurs more than once in body(o),
at least one of the following conditions holds: (i) V is a
non-marked variable?, or (ii) at least one occurrence of V
in body(0) occurs at some position in (R, ).

Recall that a set of TGDs over a schema R is weakly-
acyclic i all positions of R are in (R, ). This immedi-
ately implies that every weakly-acyclic set of TGDs is also
weakly-sticky.

Theorem D.1. BCQ answering under weakly-sticky sets
of TGDs is decidable.

For complexity results on conjunctive query answering un-
der this extended class we refer the reader to [11].

2Marked variables are de ned as in the De nition 1.





