
(line 2), where eR and eS are nodes from IR and IS , respectively,
and key is defined as the LHS of Eq. (9) (i.e., a lower bound of
the Jaccard distance between any set instances under nodes eR and
eS).

Initially, we insert one entry containing the roots of both indexes
into heap H (line 3). Each time an entry (eR; eS ; key) with the
minimum key is popped out from the heap (intuitively, small key
indicates high Jaccard similarity; lines 4-5). In case eR and eS are
both leaf nodes, for each set pair (ri; sj) under them, we check
whether or not it can be pruned by our proposed 2 pruning tech-
niques (i.e., in Lemmas 4.1 and 4.2) on the set- or element-level.
If the answer is no, then we add this pair to the PS2J candidate set
P S2J cand (lines 7-10). Similarly, when eR and eS are not both
leaf nodes, we expand the children of non-leaf nodes, and obtain
node pairs (e1; e2). If (e1; e2) cannot be pruned by our proposed
node-level pruning techniques (i.e., Jaccard distance pruning, ag-
gregate pruning, or probability upper bound pruning), we need to
insert this pair back into the heap H for further filtering (lines 11-
14). When heap H is empty (line 4) or all remaining entries in H
can be pruned by threshold (1 ¡ °) (line 5), the loop above termi-
nates. We refine the remaining candidate pairs in the candidate set
P S2J cand and return the final P S2J results (lines 15-16).

Procedure PS2J Processing {
Input: two probabilistic set databases RP and SP , with their corresponding

M-trees IR and IS , respectively, a similarity threshold ° ∈ (0; 1],
and a probabilistic threshold fi ∈ (0; 1]

Output: the PS2J results in the form (ri; sj) satisfying Eq. (3)
(1) P S2J cand = ∅;
(2) initialize an empty min-heapH accepting entries (eR; eS ; key)
(3) insert (root(IR); root(IS)) into heapH
(4) while heapH is not empty
(5) (eR; eS ; key) = de-heap(H)
(6) if key > 1− °, then terminate the loop;
(7) if eR and eS are both leaf nodes
(8) for any set pair (ri; sj) such that ri ∈ eR and sj ∈ eR
(9) if (ri; sj) cannot be pruned by Jaccard distance pruning or probability

upper bound pruning // Lemmas 4.1 and 4.2, respectively
(10) add (ri; sj) to P S2J cand
(11) else
(12) for any pair (e1; e2) such that e1 ∈ eR and e2 ∈ eR
(13) if (e1; e2) cannot be pruned by Jaccard distance pruning, aggregate

pruning, or probability upper bound pruning
// Lemma 5.1, Eq. (19), and Lemma 5.2, respectively

(14) insert (e1; e2; key) into heapH
(15) refine pairs (ri; sj) in P S2J cand via Eq. (14) or (15)
(16) return the refined PS2J results in P S2J cand

}
Figure 11: Procedure of probabilistic set similarity join.

I. Descriptions of Experimental Data Sets
For synthetic data, we generate li (2 [‚min; ‚max]) set instances
for each set-level probabilistic set ri 2 RP (or sj 2 SP ) as fol-
lows. For each set instance r0 of ri, we first randomly produce
its set size jr0j = ¾ 2 [¾min; ¾max], and then, for each (the
k-th) element position, we generate a random element r0[k] 2
[1; 100], following either Uniform or Gaussian distribution (with
the mean 50 and variance 20). We also associated each set in-
stance r0 2 ri with its existence probability r0:p 2 (0; 1] such that
(
P

8r02ri
r0:p) 2 [pmin; pmax] (we set [pmin; pmax] = [0:9; 1]

as default value range in our experiments). On the other hand, for
the element-level probabilistic sets, we first synthetically generate
a pivot set pivr0 of a random size jr0j = ¾ 2 [¾min; ¾max] (using
the above mentioned method), and then for each of its randomly se-
lected (µ¢jr0j) element positions r0[k], we synthetically produce u
(2 [umin; umax]) possible probabilistic element numbers, r0u[k],
with Uniform or Gaussian distribution, where

P
8u r0u[k] 2 [pmin;

pmax]. For brevity, we denote the synthetic data with uniform and

Gaussian element number distributes as U -Syn and G-Syn, re-
spectively. In the sequel, we report the results over two data pairs,
U -Syn » U -Syn and G-Syn » G-Syn (for short U -Syn and
G-Syn, respectively), and omit similar results for other data com-
binations due to space limit. We also use the real data set, DBLP ,
which contains around 20K titles of papers extracted from DBLP
(http://dblp.uni-trier.de/xml/ ).. We parse tokens (words) of these
paper titles, and remove some frequent but meaningless tokens such
as “of”, “a”, “the”, “for”, “and”, “in”, “on”, “with”, “an”, “to”, and
so on. As a result, we can obtain sets of about 5-10 tokens for
each paper title. For each paper title (probabilistic set ri), we let its
corresponding token set be the pivot set r0, based on which we gen-
erate other set instances by altering (µ¢jr0j) elements of r0 for set-
level probabilistic set, or probabilistic element numbers r0u[k] for
µ¢jr0j randomly selected element positions r0[k] for element-level
probabilistic sets. The resulting data sets are denoted as U -DBLP
and G-DBLP , respectively. We divide each data set into two parts
of equal size, and use them as two joining data sets for testing PS2J
performance. For those data with other parameter settings (e.g.,
distributions of set elements, mean/variance of Gaussian distribu-
tions, or join combinations of data sets), the experimental results
are similar and thus omitted.

J. Experimental Settings
Table 4 depicts the experimental settings in our experiments, where
the values in bold font indicate default values. For each set of ex-
periments, we will vary the value of one parameter, while setting
others to their default values.

parameters values
° set- / element-level 0.1, 0.2, 0.5, 0.8, 0.9
fi set- / element-level 0.1, 0.2, 0.5, 0.8, 0.9
[‚min; ‚max] set-level [1, 2], [1, 3], [1, 5], [1, 8], [1, 10]
[umin; umax] element-level [1, 2], [1, 3], [1, 5], [1, 8], [1, 10]
[¾min; ¾max] set- / element-level [2, 10], [3, 10], [5, 10], [8, 10], [9, 10]
µ element-level 2%, 3%, 5%, 8%, 10%
N set- / element-level 10K, 20K, 50K, 80K, 100K

Table 4: The Parameter Settings
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